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1. INTRODUCTION AND PRELIMINARIES

There are many theorems which state that a function and its classical Fourier transform on R cannot
simultaneously be very small at infinity. This principle has several version which were proved by M.G. Cowl-
ing and J.F. Price [2], Miyachi [3]. We refer to [4—9] for more work in this direction. In this paper we study an
analogue of Cowling-Price’s theorem, and Miyachi’s theorem for the generalized Dunkl transform. The outline
of the content of this paper is as follows.
Section 2 is dedicated to some properties and results concerning the generalized Dunkl transform. In Section
3 we give an analogue of Cowling-Price’s theorem and Miyachi’s theorem. Let us now be more precise and
describe our results. To do so, we need to introduce some notations. Throughout this paper we denote by

1
T 22082(T(a + 1))

-1
e my, where o > 5

e E(R) the space of C*° on R, provided with the topology of compact convergence for all derivatives. That
is the topology defined by semi-norms

m dk.
Pa,m(f) = SUPze[—a,a] Z | wf(z) |7 a>0, m=0,1,..
k=0

Journal homepage: https://ijeap.org/



356 a ISSN: 2737-8071

e D,(R), the space of C* function on R, which are supported in [—a, a], equipped with the topology
induced by E(R)

e D(R) =, Da(R), endowed with inductive limit topology.
e E,(R)(resp.D,,(R)) stand for the subspace of E(R)(resp.D(RR)) consisting of functions f such that
f0)=..... = f@=Y)=o0.

For a > 0, put
Dy n(R) = Do(R) N E,(R).

In this section we recapitulate some facts about harmonic analysis related to the generalized Dunkl transform
Fan- We cite here, as briefly as possible, some properties. For more details we refer to [1, 10].

1 f(@) - f(==)

Banf(@) = @)+ (a+5) =" .

The one-dimensional generalized Dunkl kernel A, ,, is defined by

1
Aa,n(xa A) = aa+2nx2n/ (1- tz)a+2n7%(l + t)ev\mtdta

—1
20 (v + 2n + 1)
Val(a+2n+ 1)

Ao (., A) satisfies the differential-difference equation

AgnAan(, ) =iMan(, A).

where aq 42, =

Forallm = 0,1, ....
a'm

| o™
The generalized Dunkl transform of a function f € D,,(R) is defined by

/f an )dua( )a reC,

Aa,n(x7 )\) ‘S |:L,|2n+me|Im )\HJ,| (1)

where
dpie (z) = |z** T da. (2)

For all f € D,,(R), we have the inversion formula
= o [ ol DOAan Altosan (). G
For every f € D,,(R), we have the Plancherel formula
/}R |f(2)Pdpa(z) = maton / |Fan (F) N Pdpatan(N). 4)
We define the function N{(., s), s > 0 as follows
N(x,s) = ma+2n/Re_ry2Aa,n(x, Y)diaron(y) © € R.

We denote by LP (R), 1 < p < 400 the space of measurable functions on R such that

|f||Lg<R>=(/|f Pdpala ) < 400, if 1<p< +o0,

I fll e () = €55 Sug|f($)| < +00, if p= 0.
re
L% ,,(R),1 < p < oo, be the class of measurable functions f on R for which

1fllzz ) = ||x72anLZ+2n(R) < oo.
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Proposition 1..1 Forall f € L, ,,(R) we have

[ Fen (£ Lee

a+2n

()tﬂ(

® < Ifllzy,®- (&)

ocn

Proof.
FanlDO] = | [ @) ne.~Ndta(a)
/R @) Aan (@ ~Nldta(@),

IN

it follows from (1) that

/ F@) [ Aan (@, N dpa(z) < / (@) 22 daa ()
R
R X
= fllee, (R),

which proves the desired result. m
The generalized Dunkl intertwining operator on R is defined by

1
Vi (F)(2) = oy ana™ / F(tz)(1 — 2% (1 + t)dt. ©)
—1
The dual of the generalized Dunkl intertwining on D,,(R) is defined by
_1 dx
Vam(H)y) = aa+2n/| - f@)sgn(@)(@® —y*)* " 2@ +y) 5, yER. (7)
x>y

In the next we denote by

dvy (z) = agsgn(z)(z? — y2)0‘_%(x + Y)1jy|,4o0[(|2])d. (8)

The generalized Dunkl intertwining operator V,, ,, and its dual tVam are related with the following formula

/Van )I:c|2“+1dx—/f Vang(y)dy, 9)

where f € E(R) and g € D(R).

Proposition 1..2 'V, ,, is a bounded operator from L, ,,(R) to L'(R) where L' (R) is the space of Lebesgue-
integrable functions.

2. COWLING-PRICE’S THEOREM FOR THE GENERALIZED DUNKL TRANSFORM
Theorem 2..1 Let f be a measurable function on R such that

eapz2|f(l’)|p 2041

and

€b9€ | o n (F)(6)]9
2 d 11
/R Lrjeym “ < (an

for some constants a,b >0, k > 0,m > 1land1 < p,q < 4o0.

i) If ab > %, then f = 0 almost everywhere.
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ii) Ifab =1, then f(z) = Q(z)N(x,b) where Q is a polynomial with degQ) < mTfl. Especially, if

200+ 4n + 1 m—l}

P q

k
E<2a+4n+ 2+ pmin{— +
p

then f = 0 almost everywhere. Furthermore, if m €]1,14 q] and k > 2+ 4n + 2, then f is a constant
multiple of N(.,b).

iii) If ab < i, then for all § €]b, ia[ all functions of the form f(z) = P(ac)ebx2 satisfy (10) and (11).

Proof. It follows from (10) that f € L, and Fq ,(f)(£) exists for all £ € R. Moreover, it has an entire
holomorphic extension on C satisfying for some s > 0,

Fan(£)(2)] < C™E (1 4+ |Imz|)*.

By (1) we have for all z = £ +in € C,

FanlH))] < / |F@)|Ag s inan(@)lz2*+ da (12)
R
< ot [ V@ jan(y 4 (o)) semat-20° ppo+ 14, (13)
B 20 (14 |z])7

A combination of (10) and Hlder inequality shows that

1
7

n? kp’ ’ . P
Fan(PE+im)| < Ceto ( Ja+ih® e—ap<f-2é>2|x|2a+4n+1dx)

a1
Ceta </(1 + |x)k”p,+2a+4"+le“”/(wz’ﬁ>2d$) !
R

<
7/2 oo kp/ | - ﬁ
< Cetan </0 (1 + |a]) 5 T2ot+in+lo—ap (2= ) dm)
< Ol (L ) B
If ab = %, then

2a44n+1
7

| Fan(F)(E +im)] < O (14 [n]) 5+ 5
We put g(z) = e?=* Fo o (f)(2), then

2a+4n+t1
7

19(2)| < CeblBe=” (1 4 | Imz|)r %

CP.
/R 1+ gm ™ =

Lemma 2..2 Let h be an entire function on C such that

It follows from (11) that

Ih(2)] < CelRe=(1 4 |Imz|)

for somel > 0,a > 0 and

B o
f s el <

for some ¢ > 1, m > 1 and Q € P(R). Then h is a polynomial with degh < min{l, %} and, if
m < q+ M + 1, then h is a constant.
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From this Lemma g is a polynomial, we say P, with degP, < min{ k%—i— 2ofdntl m=1}. Then Fo,n(f)(z) =

Pb(x)e_b‘”z then, ’
f(x) = Qu(x)N(x,b)

where deg P, = degQy. Therefore , nonzero f satisfies (10) provided that

kp'  20+4n+1 m—1
k>2a+4n+2+pmin{p—|— a+ln+ ’m }
p p q

If m < ¢+ 1, by Lemma 1 we have g is a constant and F,, ., (f)(z) = Ce=*" and f(z) = Cx®"N(x,b). If
m > 1and k > 2« + 4n + 2, these functions satisfy (10) and (11), which proves (ii).
If ab > 1, then we can find positive constants a; and by such that a > a; = ﬁ > 2. Then f and

Fan(f) also satisfy (11) with a and b replaced by aq and by respectively. Then F, ,,(f)(z) = Py, (z)e=0re’,
Fa,n(f) cannot satisfy (11) unless P,, = 0, which implies that f = 0, this proves (i). If ab < i, then for all
§ €]b, [, the functions of the form f(z) = z*"P(z)Ny(z,d), where P is a polynomial on R, satisfy (10)
and (11). This proves (iii).

|

3.  MIYACHI’'S THEOREM FOR THE GENERALIZED DUNKL TRANSFORM
Theorem 3..1 Let f be a measurable function on R such that

e’ f e I8, (R) + LY, (R) (14)

and

/1Og+ wdg < 0, (15)
R A

for some constants a,b, A\ > 0and 1 < p,q < +o0.
(i) ifab > i then f = 0 almost everywhere.
(ii) if ab = % then f = c¢N(.,b) with || < \.

(iii) if ab > 1 then for all § €]b, 1|, all functions of the form f(z) = P(x)N(z,6), where P is a polynomial
on R satisfy (14) and (15).

To prove this result, we need the following lemmas.

Lemma 3..2 Let h be an entire function on C such that
|h(2>| < AeB|Rez|27

and

/ log™ |h(y)|dy < oo, (16)
R
for some constants A and B. Then h is a constant.
Lemma 3.3 Letr € [1,+00],a > 0. Then for g € L, ,,(R) there exist c > 0 such that
a(lj2 —a 2
| e tVa,n(e g llr<cllglran -

Proof. From the hypothesis, it follows that e=%%" belongs to L, (R). Then by proposition 2, 751/%71(6_“?/2 g)
is defined almost everywhere on R. Here we consider two cases:
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i) If r € [1, +o00[ then

2 2
e Von(e™ g) II7

IN

/R e / Y2 |g(y)|dvs (y)) de,
/Rearf(/R|y*2ng(y)|rdyz(y))(/m e~ (1)) 7 di

where 1’ is the conjugate exponent for r. Since

IN

2

/e_ry2d1/z(y) =Ce™
R

for r > 0 it follow from (17) that

2 —ay? r r
e Vol ) IF < € [ Vanllal o)
= C/ lg(@)" |2 *** da < 0.
R
ii) If » = oo then it follow from (17) that
2 2 2 2
e W) Iy < € V(e )@l ame
= Cllgllan.co-

]
Lemma 3..4 Let f be a measurable function on R such that

¢’ f e I (R) + LY ,(R)

a,n

for some a > 0. Then for all z € C, the integral
Fanll)(z) = / F@)As () |2+ da
R
is well defined. F, ., (f)(z) is entire and there exist C > 0 such that for all £, n € R,

| Fon ()(€ + )| < Cea.

Proof. From (1) and Hlder’s inequality we have the first assertion. For (19) using (18) we have f € L(ll

and 'V, o (f) € LY, ,(R). forall £, n € R,

Fan(f)(E+in) = / V() () g

R

712

FanDErin] < e [ e [, (1) @]t K

712 2
< o [ [Van () @) ) da,
R
From (18) we can deduce that there exist u € L}, (R) and v € L{, , (R) such that
fl@) =e " u(z) + e v (),

by Lemma 3 we have

2 4 )2

[ e [V (9 @) 05 o 2. (Jull 0+ ol ,0) <

R

which proves the Lemma. m
Proof of Theorem

a7

(18)

19)

(R)
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o Ifab> %. Let h be a function on C defined by

22

h(z) = e Fon (f) (2).
h is entire function on C, it follows from (19) that
VEER, ¥y € R |h(E+in)| < Cela. (20)

On the other hand, we have

/ log™ |1 (y)|dy = / log™"
R R

AN
%\
—
o
0]
+
a
<
N
3
—
&H
=
—
<
_—
A,
N
+
>
a
—
g
|
=
P
nN
A,
<

because log , (cd) < log, (c) 4+ d forall ¢, d > 0. Since ab > 1, (15) implies that

/ log™ [h(y)|dy < oc. @21
R
An combination of (20), (21) and Lemma shows that A is a constant and

Fan (f) (y) = Ce ¥,

Since ab > i, (11) holds whenever C' = 0 and the injectivity of F, , implies that f = 0 almost

everywhere.

2
e If ab = 1. We deduce from previous case that ., (f) = Ce~f%a. Then (11) holds whenever |C] < A
Hence f = CN(.,b) with |C] < A.

o Ifab < 1.1f [ is a given form, then F,, . (f)(y) = Q(y)e %" for some Q.
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