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1. INTRODUCTION

Already 20 years ago, it was noted in [7]: “Skateboarding is rapidly developing into the major informal
sporting activity undertaken by young people [...]”. As Borden writes in his book [10], “Skateboarders are an
increasingly common feature of the urban environment - recent estimates total 40 million world-wide.” Since
“Skateboarders [...] make use of the urban fabric for their own activities”, Woolley and Jones investigated in
2010 “Why they use particular locations within a city centre [...]*, see [8]. In recent years, skateboarding has
evolved into a mainstream sport. “In July 2021, before the Olympic games started in Tokyo, the President of
World Skate Sabatino Aracu launched the Skateboarding Street and Park series to move onwards from the
Olympic games into a new era of competitive skateboarding. [...] This signals that organized international
skateboarding is developing into a more competitive phase.”, cf. [9]. Due to this long-term development of
skateboarding, there are now various studies that examine the cultural evolution of skateboarding,
skateboarding in urban spaces or the integration of skateparks into urban spaces, [11,12,14,15,16]. Further
there exists researche that “explore[s] how the sport has operationally evolved and how, as a major youth
sport, Olympic inclusion has impacted on its organisational arrangements” [18]. And there are articles that
address the pedagogical and social science aspects of skateboarding, see for example [19, 20].

But in scientific publications about skateboarding and skateparks, more detailed mathematical treatises on the
geometry of skatepark elements, specifically the so-called skateboard ramps, are missing. As mentioned by
Butz and Peters in 2018: “Skateboarding is not immediately associated with university research projects”, cf.
[13]. Even Whitleys “Public Skatepark Development Guide” [17] contains no mathematical treatises on ramp
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geometry. Indeed, there are many experience-based guides on the internet for constructing skateboard quarter
pipes, but I have not found a comprehensive mathematical exposition on their geometry.

For instance, the selection of the radius in the published guides is based on empirical values or left to visual
estimation. Undoubtedly, the choice of a height and radius primarily depends on personal preferences.
However, especially for non-professional ramp builders, it can be challenging to construct the perfect ramp
for them. Visual estimation can be deceiving, and prefabricated dimensions may not necessarily align with
individual preferences. The geometry of a quarter pipe significantly influences skating performance,
particularly through a meaningful combination of height and radius. These two parameters determine the
steepness angle at the highest point of the quarter pipe. To design a quarter pipe that aligns with personal
preferences, it’s advisable to be able to compare this steepness angle with other ramps. This article delves
into the mathematical relationships of the critical parameters and also presents a method for determining
them for comparison purposes with existing ramps.

Previous research in skatepark construction has primarily focused on pedagogical aspects related to student
motivation, see for example [5], or has emphasized technical construction. In the realm of online resources,
one can encounter works such as the bachelor thesis [2], which is concerned with the construction of a
concrete skatepark. Although this work partly presents measurements of the examined concrete skatepark, it
does provide a more profound mathematical examination of the geometry of the ramps. Same holds for [4], a
master thesis in the field of landscape architecture. The latter work, which was also publised as a book, gives
plenty information about skateparks and background information. Regarding the construction of transition
radii, Poirer writes in [4] that “Transitions are historically some of the most difficult features to design and
build correctly for a number of reasons.” Nevertheless, this work only deals with the topic on a very
superficial level. While some recommendations or guidelines for radii are provided, a mathematical analysis
is entirely missing. In my view, the most suitable information for constructing quarter pipes is provided by a
YouTube video series, cf. [3]. However, this series also does not cover mathematical fundamentals but rather
relies on experiential knowledge.

2. RESEARCH METHOD

These investigations involve theoretical considerations conducted according to the usual scientific methods in
the fields of mathematics and physics. The calculations and formulas are accompanied by algorithms written
in the programming language Python and for the computer algebra system wxMaxima. These algorithms are
accessible on GitHub, with corresponding links provided in the text. Error calculations follow the usual
modeling based on Gauss's error propagation law.

3.  RESULTS AND DISCUSSIONS
3.1 Transitions that taper down to zero degrees towards the ground

The most important case describes transitions that exhibit an angle of zero degrees at the bottom to enable a
continuously differentiable, thus seamless and kink-free transition to the flat ground. In order to
mathematically describe the situation in this paper, a coordinate system is choosen as depicted in Figure 3. In
this context, H represents the height, R the radius, and T the length or depth of the transition. As will be
shown later, the angle ¢, see Figure 3, also corresponds to the maximum slope angle at the highest point of
the ramp to the horizontal. The quarter pipe tapering down to zero degrees is geometrically defined by the
three parameters: radius R, height H, and depth T of the transition. Two of these parameters can be chosen
within a reasonable range, while the third can be calculated accordingly. Excluding oververt ramps, it is
obvious that R = T > H. In our choice of coordinate system, see Figure 3, the transition is part of the lower
semicircle with radius R around the center (0 V R). The lower semicircle is given by

(0 y=—-VRZ—xZ+R
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Figure 1: Transition that taper down to zero degrees. The three subfigures are referenced from left to right as
a, b, and c.

Based on the assumption that the height and radius are predetermined, the depth of the transition tapering

down to zero degrees can be derived from (1) as follows: From H = —VR2 — T2 + R one gets (R — H)? =
R? — T? and thus

2) T = V2RH — H>.

Certainly, this equation can also be solved for R, or as outlined above, for H. However, it seems rarely
practical in practice to specify both the height and depth of the ramp and calculate the radius through R =

%(TZH‘I —H).

3.2 Slope angle and its maximum

The incline angle at the highest point of the ramp decisively influences how the ramp behaves when skating
on it. Therefore, it is advisable to calculate this angle during the planning of the quarter pipe and, as
appropriate, compare it with the maximum incline angle of other ramps. This article also covers instructions
on how to determine this angle from measurable quantities in existing ramps, see section 3.

Lemma 1 demonstrates that the maximum incline angle ¢,,,4, coincides with the central angle ¢ depicted in
Figure 1:

Lemma 1: Maximum slope angle
The maximum incline angle ¢,,,, at the highest poit of the transition corresponds to the opening angle of the
circular segment in Figure 1.

Proof: From equation (2) we recieve VRZ — T2 = \/RZ — (2RH — H2) = R — H. The maximum slope angle
®max can be easily calculated through the derivative of the function (1), it is

(3) Pmax = arctan

On the other hand, the trigonometric functions applied to the right-angled triangle in Figure 1b yield
T

4) tang = 0

Thus, it is demonstrated that ¢p = ¢,,,4, holds true.

We can combine equations (2) and (3) to determine the maximum slope angle ¢,,,,, from given radius and
height:

m)

R-H

(5) Brmax = arctan(
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Another application of this formula is to calculate the slope angle at any given height. This is useful for
constructing a smoothly differentiable transition to another straight ramp section, such as a so-called bank.
This was used, for example, in the extension in Figure 7 on the right side. If h denotes the variable height, the
function for the slope angle reads

m>

R-h

¢(h) = arctan(

where R is the constant radius of the transition.

3.3 Radius in dependence of given maximum slope angle and height

Sometimes it can be advantageous to specify the height and angle and calculate the remaining dependent
parameters of a transition. Obviously, again from (2) and (3) or directly from (5) we get

T? _ZRH—H2

@' = R T R=1)?

where ¢ = ¢,4,- From this one receives

O—RZ—ZRH+H2—M—R2—2RH<1+ ! >+H2<1+ ! )
B tan2¢p tan2¢ tan2¢/’

Since 1 + tan™%¢ = sin~?¢ the latter equation transformes into

po P, 1y
sin?¢ sin2¢p

Together with the identity 1/sin=2¢ — 1 = cot¢ the solutions read:

_H H?  H* _ H 1 __ 1tcote
(©) R= sinZ¢ + sint¢  sin2¢  sin¢ (1 + sinZ ¢ 1)  sin2¢

Here, it remains to decide which sign models the real situation. Assuming a fixed height, a larger maximum
incline angle must correspond to a smaller radius. Thus, we are seeking a monotonically decreasing function
R(¢). Figure 2 shows the plot of both branches of the angle portion:

10 T T T A 1 1
(1-cot{g))/sin(g) ™2 ,’I—
' {cotig)+1)/sinlg)~2/
/
5F r .
P
n N ____'___-‘-"'f
0 e ooy R o

-10 L 1 1 1 [
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Figure 2: The function f (@) = (1 & cotp)sin~2¢ represents the angle portion of (6).

Therefore, along with lemma 1, the radius as a function of height H and the maximum incline angle ¢,,,,, at
the highest point of the quarter pipe can be calculated from

@) R(¢, H) = = mex .

sin? pmax
3.4 Arc length of the transition
When building a quarter pipe or mini ramp, it is helpful to be able to calculate the arc length of the transition,

for example, to determine the amount of surfacing material needed in advance. The opening angle of the
circular segment is given by (4), see lemma 1. Using equation (2), one receives

R-H

T
8) ¢ = arctan (ﬁ) = arctan(
Another way to calculate the opening angle arises from Figure 1b:
&) ¢ = arcsin (g) = arcsin

(=

The arc length L,,.. of a circular segment with radius R and central angle ¢ can be calculated using polar
coordinates x = Rcost, y = Rsint. Together with (9) one gets

2 2 _
(10) Lare = [ J(Z) +(2) dt = R¢ = Rarcsin (”Ri HZ)

see for example [1]. Analogously we receive L,y = Rarctan[V2RH — H%(R — H)~!] with (8). The angle ¢
is given in radians, so for the full angle of 2, the circumference of the circle is 2rR. This can be easily
transformed by the connection 180¢,p = mPpge of angle ¢ given in degree (¢Ppg¢), and angle ¢ given in
radians (¢g4p). With this, for example, the required surface area for a minramp! with height H and radius R,
flat length Lg, and table length L, can be calculated. Assuming the miniramp has width W, then the surface
area is

(11) S=W[L + 2L + 2Lgpe] =W [Lf + 2L, + 2Rarcsin (Vz’ﬁ‘”z)].

The above formula applies to ramps without verticals, but it can be easily adjusted by adding the term 2L,
inside the parentheses, where L, represents the length of the vertical section.

Program codes implemented in wxmaxima and Python, for the calculation of the depth or length, the curve
length, and the maximum slope angle of a transition from given height and radius can be found here:
https://github.com/tguent/math-quarter-pipe. Also, a Python code for determining the radius from a given
height and maximum slope angle can be found here.

' A typ of small halfpipe, mostly without vertical section.
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3.5 Determination of the transition radius through measurements on secants

To achieve the desired geometry for a quarter pipe, it’s useful to know the data from existing ramps to
compare slope angles and radii. If blueprints are not available or do not exist, the radius must be determined
through measurement. The simplest way to do this is by measuring the length of any secant and the distance
from the secant’s center to the quarter pipe. In Figure lc, a specific secant is depicted. Note that any other
secant within the transition can be chosen, although the length ¢ should be chosen sufficiently large due to
error propagation. From R? = (¢/2)? + (R — a)? we get

Ra,c)= S+ &

ac)=—+-

8a 2

In practice, a plank can be placed inside the quarter pipe, from which one can determine the distance to the
transition center.

3.6 Gaussian error propagation for the radius
The measurements of the length of this plank as well as the distance from its center to the quarter pipe are
subject to measurement errors. If we denote by Aa the measurement uncertainty of the length a, and by Ac

the measurement uncertainty of the distance measurement for c, then the uncertainty AR for the value of the
radius R can be estimated using the Gaussian error propagation law:

ar= |(Ba )Z(‘”Rﬂ)
- da a dc ¢

2

OR 1 c? OR c . .
From (12) we get 223 sa2 and 5. = alt applies
(AN gz 4 g2
(13) AR = \/(;—Q) a2+ Ac

A Python / wxmaxima code for a program that determines the radius and its error is provided here:
https://github.com/tguent/math-quarter-pipe.

3.7 The order of magnitude of the measurement error in practice

The radius of a quarter pipe is often in the range of 2 to 2.5 meters. For measurement purposes, a plank with
a length around 1.5 meters should be used to account for measurement inaccuracies. Let’s assume that the
length of the secant, which is the length of the plank, can be determined with the same accuracy as the
distance from the secant’s center to the transition. In this case, we assume that the measurement uncertainty
for length measurements is given by Al = Aa = Ac. Equation (13) reduces to

1

1 2\V* 2] 1 c? c* 2
ce ) —| A= —]| Al
<2 8a2> 16a? [4- 8a? 64a4]

Let’s say c is A times longer than a, so 1 = c/a, then this equation becomes

1

= 1
AR = 1 ’12+ ’12 22A1—[1 8+16mzm
14 8 8 B 20 )4 '
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In practice, ¢ > a, let’s say c is for example about ten times as large as a. In zeroth-order approximation, the
error for the radius can be estimated as follows:

2 2

AR—’1 Al +0(172) A Al
8 8

For our example of A = 10, this means that the uncertainty AR in determining the radius R is more than ten
times (here 12,5) as large as the measurement error 4! in length measurement. If you measure with an
accuracy of one centimeter, the uncertainty in the radius is already over a decimeter. That illustrates the plank
must have sufficient length, and the measurement must be carried out very accurately to obtain useful data.

3.8 Quarter pipe with incline at the bottom towards the horizontal

Quarter pipes, especially those constructed as prefabricated elements or retrofitted, often feature a slight
incline towards the horizontal at the bottom. This design choice is made to prevent the transition from
reaching a zero-degree angle at the base, which would otherwise create a sharp edge where the surface meets
the ground. By incorporating a gentle angle, such as that formed by a transition plate, with the horizontal, a
smoother configuration is achieved when traversing the edge. Let us choose the coordinate system such that
the origin marks the lowest part of the ramp in the cross-section of the quarter pipe. The highest point then
lies at (T /H), see figure 3.

Figure 3: Quarter pipe with incline at the bottom towards the horizontal

The following theoretical derivation of the circular function for the transition radius can be directly applied to
draw the transition on a rectangular plate with dimensions T and H. The vertices of the plate in the chosen
coordinate system are located at (0 v 0), (T v 0), (T vV H) and (0 V H). We draw a circle with radius R

Mathematics of skateboard quarter pipe construction (Thomas Giinther)
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around the origin (0 v 0) and another with the same radius around the center (T V H). These two circles are

described by the equations:
K :x? +y? = R?
(14, 15) ! ryrER
K, :(x—-T)*+(@y—-H)*=R

One of the intersection points of these circles forms the center of the transition circle. Setting (14) equal to
(15) yields

x2+y?=x%—-2xT+T?+y?—2yH + H?
and therewith

T T2+H?
(16) y=—rx+—

Substituting this into equation (14), we obtain

T T2 +H2 2 T2 T2 +H2 (TQ ‘|‘H2)2
2 a2 o 2
R = +(‘H‘”+2H) —(”m)m Tz Ty
T2 +H2 T2 —|—H2 (T2 +H2)2
= - Ty + —8——.
H? H? 4H?

Dividing by (T2 + H?)H~? leads to the follwing quadratic equation:

s g TEAHD RHE
©oH 4 TZ{H?

Its solution is given by

4 4 +T2+H2_

T \/TZ T2 + H? R2H? T R2H? H?
X = =
2

—+ gl
2~ T2 +H? 4

As can be easily seen from Figure 3, we are interested in the negative branch of the solution. The x-
coordinate of the center of the transition circle is therefore

(17) %=1 L

2 ATztHZ ¢
The y-coordinate is obtained by substituting (17) into equation (16):

T T? + H?
ys=_ﬁxs+—=_

T R2 1 T?+H? H R? 1
——H|——-|+——=—+T |—————
2 T2 +H?2 4 2H 2 T2+ H? 4

T
2H H

In the chosen coordinate system, see Figure 3, the center of the transition circle is located at:

T R2 1. H R2 1
(18) (stys)—<;—H\Im—z";+7klm—z>

From the equation of the circle
(19) K:(x —x)*+ (y —y)? = R?,
we obtain the function y = Q(x), which describes the transition circle

(20) Q(x) =YVs — A R? — (x - xs)z

together with (18). It is evident again from Figure 3 that the negative branch of the solutions must be taken,
as indicated by the blue circular segment line describing the transition circle.
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3.9 The upper and lower angles of the quarter pipe

From (20), we obtain the slope function

and therewith the angle

¢(x) = arctan

The lower angle ¢; and the maximum slope angle ¢,,,, of the quarter pipe are given by:

—Xs = - I
(©2))] ¢, = $(0) = arctan \/r_xsz , Omax = ¢(T) = arctan WA

3.10 Determination of the radius

When constructing a quarter pipe that does not taper to zero degrees at the bottom, it is helpful to calculate
the radius based on the given angles at the top and bottom, as well as the height. To do this, a nonlinear
system of equations can be set up and solved numerically using the equations (21) and the following
geometric considerations.

IMix

a0

a0

Figure 4: Quarter pipe with incline at the bottom towards the horizontal.

From Figure 4 we infer that @ = 180° — (¢ax — ;). Consider the quadrilateral with interior angles 6, «,

Mathematics of skateboard quarter pipe construction (Thomas Giinther)
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and two 90° angles. Since the sum of the angles must be 360 degrees, it follows that & + § = 180°. From
this we receive

(22) 6=180°"—a = ¢max - d)l

The opening angle delta of the circular segment can be determined using the trigonometric functions. But in
this case, R and T are not orthogonal to each other. Thus we can not use (8) or (9). Consider Figure 3 and
draw a connecting line between the points (0 V 0) and (T V H). Let ¢ be the length of this line, it holds ¢ =

VH? + T2. Analogous to Figure lc, the angle § can now be determined by

(23)

With (21) and (22) we receive

. (Pmax — D1 —Xs T=%
2hein () = VHE S TRaan(8) = i) = s

where x, is given by (17). These equations form the following system of nonlinear equations:

QRSiI’l(qumc ) VH24+T2=0
R? — 22 - tan (¢y) + 2, =0

\/R2— (T — 25)* - tan (¢maa) + 25 — T =0

(24,25,26)

The set of (24) and (25) was used in a wxmaxima code, see https://github.com/tguent/math-quarter-pipe, for
a program that calulates the Radius R and the depth T. The input parameters are both angles ¢; and ¢, as
well as the height of the transition.

3.11 The arc length

For example, for precise surface calculations, it is necessary to know the curve length of the quarter pipe. We
have already performed such calculations in section 3.3. However, the formula used for the curve length
there cannot be applied here. In this case, the arc length R, cf. (10), can be calculated using equation (23):

VH? +T2>

Lare (¢max ¢Z)R =6R = 2Rarcsin( R

A quarter pipe with an angle to the horizontal should only be used when a transition to zero degrees at the
bottom is not possible, for example, when a ramp plate has to be used for retrofitted quarter pipes. This
geometry is not used for pipes. The surface area of a single quarter pipe, in comparison to (11), here consists
only of

S=WI[Li+ Lopel =W [Lt + 2Rarcsir1< >R

Again, L, represents the table length and W the width of the quarter pipe.
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3.12 Applications of the theory

At the end of this article, a brief insight will be provided on how the preceding considerations can be
concretely applied in ramp construction.

Visualizing quarter pipe geometry with LibreCAD

In order to have a model for visualization prior to construction, let’s briefly discuss how to create the side
view of a quarter pipe using LibreCAD?. Here, the modeling in LibreCAD is done according to the choice of
the coordinate system in Figure 4. At first choose and calculate the parameters radius R, height H, depth T
and the maximum slope angle ¢,,,, of the transition (cf. https://github.com/tguent/math-quarter-pipe).

LibreCAD - [unnamed document 1]

& File Options Edit View Plugins Tools Widgets Drawings Help

FEErREOaR B Al E LA kXS

4

By Layer v || —By Layer v By Layer v Middle Points1 7
Library Browser o X

Directories
& algoritm
& block

Al N[ESSE

Insert

@ I

..... er Block List = Layer List

= Command line X
167,0
167,90
T 0,200
Al 200
270
326.63
Command:
~
QL OO0 &P BB | HHS BRI X|=4 a8 D00 |4+
44.7500, 80.5000 44.7500,-119.5000 J SelectedTotal Length Current Layer Grid Status
92.1022 < 60.9303" 127.6041 < 290.5298° o 0 0 10/100

Figure 5: Visualizing quarter pipe geometry with LibreCAD

In LibreCAD choose ’Line’ and ’2 points’ from the *Tools” menu. Use the command line for the input (0,0)
and (T, 0). Repeat the procedure for a line with the points (T, 0) and (T, H). Alternatively, the three points
(0,0), (T,0) and (T, H) can also be entered successively. Now we have to add a suitable circle segment. For
this purpose, select *Curve’ with *Center, Point, Angles’ from the *Tools’ menu. Use again the command line
for the input of the data: Center (0, R), radius R, start angle 270, end angle 270 + ¢. Figure 7 shows the
result for a transition with height 90 and radius 200.

Example

An existing mini ramp is to be extended by adding a slightly steeper quarter pipe with a smaller radius.
Opposite the quarter pipe, a bank is to be constructed. The builder of the mini ramp copied the radius from
the quarter pipe of a public skatepark, but the exact radius is unknown to the builder. First, we determined the
radius of the already existing ramp. If a square metal tube with a lenght of ¢ = 150cm is placed in the
transition of the mini ramp, the distance from its center to the transition is a = 11.7cm. We assume that the
length of the edge pipe is known with an accuracy of up to Ac = 1mimn, and the distance measurement was
performed with an accuracy of Aa = 2mm, see section 3. Now the program provided on
https://github.com/tguent/math-quarter-pipe can be used for radius calculation. The caculation results in R =
(246 + 4)cm, cf. Figure 6:

2 The software is freely available at https://librecad.org/.
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Shell Nr. 1 *

Transitions that taper down to zero degrees towards the ground.

Instructions / Description:

[Input distance a of the ant's center to the transition

The radius, measured in the same p

Press

Input cal unit as above

Input error of length c of secant 0.

Input error of distance a of the nt's center to the transition 0.2

Propagation of error for the radius is: 4.021930 5

Figure 6: Measurement of the radius.

During the construction of the pipe, cross slats with a thickness of 3 cm were laid on the transition side
panels, with 9 mm thick surface boards placed on top. Consequently, the radius is reduced by approximately
4 cm compared to the template from which the transition was traced. Within the measurement accuracy, it
can be assumed that the template has a radius of 2.5 meters. Since the template is a prefabricated quarter
pipe, this seems to be a quite realistic value.

Next, along with its height, we can determine the maximum slope angle of the existing mini ramp from (5).
The latter formular is also implemented in a Python as well as a wxMaxima code provided. Due to space
constraints, further screenshots of the program are omitted here. For the maximum gradient angle, with a
height of 97 cm and a radius of 246 cm, the value is approximately 53 degrees. The quarter of the side
extension was choosen to have a height of 90 cm and a radius of 200 cm. Since the quarter pipe for the side
extension is to be built in the same construction style as the mini ramp, an additional 4 cm must be accounted
for cross beams and surface decking. Therefore, the cut-out side panel must have a height of 86 cm and a
radius of 204 cm to achieve the desired dimensions in the end. The final geometry with 90 cm height and a
radius of 200 cm results in a maximum gradient angle of about 57°. Figure 7 shows the ramp under
construction:
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4. CONCLUSION

The present article provides a mathematical description of the fundamentals of geometry for transitions in
skateboard ramp construction. It bridges the gap with the many online construction guides for ramps, which
typically adhere to predefined measurements. The described methods were tested a few times in practice,
with the result that the pre-calculated ramps exactly met expectations. By providing the corresponding
software codes, the theoretical models developed here can be used by any ramp builder who is interested.
Through precise calculations in the planning of ramps, the needs of athletes can be addressed more
accurately.
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List of abbreviations

1. Skateboard quarter pipe: A skateboard quarter pipe is a type of ramp used in skateboarding that
features a curved surface transitioning from a horizontal plane to a vertical plane, or the transition
continues at another angle of incline. Typically, this is followed by a horizontal section at a higher
elevation. At the top edge of the ramp, there is often a metal pipe, with a diameter typically in the
range of around 6 cm, called coping. This allows skateboarders to perform grinds and stalls. Many
quarter pipes are made from wood, which provides a smooth and consistent surface. These can be
found in both indoor and outdoor skate parks. For more permanent installations, concrete is used.
Concrete quarter pipes are durable and provide a different feel compared to wood, often preferred
for large public skate parks.

2. Transition: The primary feature of a quarter pipe is its curved transition, which usually forms a
circular segment shape. Transitions also form the crucial element in jumpramps and skateboard
pipes like mini ramps or vert ramps.

3. skateboard pipes, mini ramps or vert ramps: When two quarter pipes are placed facing each other,
typically separated by some distance, referred to as flat.
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