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1. INTRODUCTION

The quaternionic Fourier transform (QFT) plays a vital role in the representation of signals. It trans-
forms a real (or quaternionic) 2D signal into a quaternion-valued frequency domain signal. The four QFT
components separate four cases of symmetry in real signals instead of only two in the complex FT [8, 16]. In
addition, understanding the QFT paves the way for understanding other integral transform, such as the Quater-
nion Fractional Fourier transform (QFRFT) [10, 23, 31, 17, 18], Quaternion linear canonical transform (QLCT)
[24] and Quaternion Wigner-Ville distribution [6]. Due to the non-commutativity of multiplication of quater-
nions, there are different types of QFTs and we focus on the right-sided QFT (RQFT) and two-sided QFT
(SQFT).

Recently it has become popular to generalize the Fourier transform (FT) from real and complex num-
bers [7] to quaternion algebra. In these constructions many FT properties still hold, others are modified. There-
fore it is not a surprise that Titchmarsh’s theorem also hold for the QFT. To the best of our knowledge, Titch-
marsh’s theorem, the equivalence of a K-functional and the modulus of smoothness for the QFT have not
derived yet. In this Paper is extended the Titchmarsh’s theorem in the frame of quaternion analysis and it is
proved the equivalence of a K-functional and the modulus of smoothness using the Steklovs function. Recall
that the relation between smoothness conditions imposed on functions f(x) and the behavior of its Fourier
transforms f near infinity is well known in the literature. In fact, a classical result of Titchmarsh [29] says that
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for0<a<1,1<r<2and

([1re+m- f<w>|7‘dx)m — o0

where h — 0, then the Fourier transform fbelongs to LP (R), for

r <p< r
r+ar—1 —r—-1

This theorem was extended to higher differences of functions in one and several variables in [33] and [34].
On the other hand, Younis in [32] studied the same phenomena for the wider Dini-Lipschitz class as well as for
some other allied classes of functions. More precisely, he proved that if f € L"(R), with 1 < r < 2, such that

([1stsn- f(x)*dx)l/r _0 (lg’zh)) ,

where 0 < o < 1, as h — 0, then its Fourier transform fbelongs to LA (R), for

r

_— < /:
r+ar—1 psr r—1

and

e
g7
In recent years, these two results have been generalized in several different versions and for several different
types of transforms (for example, see [3, 12, 13]).

In addition, the usual translation operator 73, given by 73, f(z) = f(x + h) plays a key role in the construction
of modulus of continuity and smoothness which can be considered as a critical elements of direct and inverse
theorems in approximation theory.

It is commonly known that studying the relation which exists between the smoothness properties of a function
and the best approximations of this function in weight functional spaces is more convenient than usual with
various generalized modulus of smoothness (see [26, 27]).

The K-functionals introduced by J. Peetre [25] take a part in a many problems of theory of approximation
of functions. The study of the relation which exists between the modulus of smoothness and K-functionals
is known as one of the major problems in the theory of approximation of functions . For many generalized
modulus of smoothness these problems are studied, for example, in [4, 11, 14].

In order to describe our results, we first need to introduce some facts about harmonic analysis related
to (two-sided) Quaternion Fourier transform (QFT). We cite here, as briefly as possible, some properties. For
more details we refer to [1, 2, 21, 22, 15, 23, 30, 31, 5, 10, 20].

The quaternion algebra H was first invented by W. R. Hamilton in 1843 for extending complex numbers to
a 4D algebra [28]. A quaternion ¢ € H can be written in this form

q=qo+q=qo+iq +jq + kg3
where 1, j, k satisfy Hamilton’s multiplication rules
PP=2=k?=ijk=—1, ij=—ji=F.
jk=—kj =i, ki=—ik=j.

Using Hamilton’s multiplication rules, the multiplication of two quaternion p = po + p and ¢ = qo + ¢ can be
expressed as

Pq = pogo + poq + qop + pg.
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We define so, the conjugation of ¢ € H by § = qo — iq1 — jg2 — kgs. Clearly, qg = g2 + ¢} + ¢3 + ¢3. So the
modulus of a quaternion ¢ is defined by

ol = Vi = @ + 4} + a3 + a3
In this paper, we study the quaternion-valued signal f : R? — 7 that can be expressed as

f=fo+ifi+ifot+kfs

where © = x1e; + 220 € R% and fy, f1, fo and f are real-valued functions. For 1 < r < oo, the quaternion
modulus L"(R?, H) are defined as

L' =L"(R*H)={f/f :R* = H, ||

e = [ f@lds < oo},

Let f € L"(R?,H). The quaternion Fourier transform QFT of f is defined by

‘FQ(f)(w) 1 /Rz eiimlwlf(aj)esz2w2dx'

T o

The inner product of f, g € L*(R?,H) is defined by

(f,9) = f(z)g(x)dx.
R2

Clearly, || f1I3 = (f, f)-

Now, we define |.|g for Fo(f) as

Fo(HwWla = (1Fa(fo) @) + IFo(f) @) + [Folf2) @) + | Fo(fs)w)?) 2.
For f € L'(R?,H), we have
FQ(Nll@.oo < I fll1- €]
(Inversion formula) The (two-sided) inverse QFT of g € L' (Rz, H)
Fa @) = [ gl e @
(QFT Plancherel) If f € L'(R?, %) N L?(R?,#), then
[Fo(Hllq.2 = lIfll2- 3)

(Hausdorff-Young inequality) If 1 < r < 2 and letting ' be such that 1/r + 1/r’ = 1 then for all f €
L"(R? H) it holds that

IFQ(Nll@r < 1l )
12 ortmf 12
Suppose that Fo(f) € L*(R*,H) and ———— € L (R*, #). Then
D7 0z
Fol o) w) = (1) Fol F)w) ()™, n € N ®
e w) = (iw1)"Fo(f)(w)(jwz)™, Vn € N.

(Shift property) For a quaternion function f € L'(R? H), we denote by 73 f(z) the shifted (translated)
function defined by 73, f (z) = f(x — k), where k = kieq + kie; € R2. Then we obtain

FolmefHw) = ™ Fof fHw, wa)el™22. (6)

For a function f on L' (R?, ) and for any hy, hy € R, we define the operator Ay, p, by
Apyho f(@) = fla1 4 ha, 2 + ha) — f(21 + by, 22) — [, 22 + ho) + (21, 22). (7
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Definition 1 Let f(z) = f(x;, z2) belongs to L™ (R?,H), 1 < r < 2. We say that f is in the Lipschitz space
Lip(ala a9, T) lf
”Ahl,hzf(x)HT = O(h‘cl)é1 h32)7 (®)

as hi,hg tend to zero, 1 <r <00, 0 < ay,ay < 1.

In L?(R?,H ), consider the operator

1 h h
enfloras) =gz [ [ fon+6aa+ dgan ©

Let the function f € L?(IR?,H). The finite differences of the order m (m € 1,2, 3, ...) are defined as follows:
AR f(x1,22) = (I —@p)" f (21, 22),

here [ is the unit operator, and the mth-order generalized continuity modulus of the function f is defined by
the formula

em(f75)2 = sup HA;’Lnf”Q’
0<h<s

where ¢ > 0.
Consider in L?(R?, ) the operator

0? 0?
Df(z) = ((%% + 8x§> f(z), (10)
and D°f = £, D" f = D(D"'f),r = 1,2, ...

In view of formulas (5) and (10), we have

Fo{DfHw) = — (wi + w3) Fo{fH(w),
and hence
Fo{D" fH(w) = (=1)" (wi +w})" Fo{fH(w). (1n
This leads to the following definition of K -functionals: for ¢ > 0

K (f,t)2 = mf{|[f —glla +t|D™gll2, g€ W5"},

where W3" is the Sobolev space constructed by the operator D,

Wyt ={f € L*(R*>,H),D"f € L*(R*, H),r = 1,....,m}.

2.  ONTHE TITCHMARSH THEOREM FOR THE QUATERNION FOURIER TRANSFORM

Lipschitz classes have been constantly employed in Fourier analysis, although they appear in the
realm of trigonometric series , more than they occur in Fourier transforms. There are several new results in
this section including theorems for, higher differences more precisely we will give some results associated with
Dini-Lipschitz Functions in L"(R?,H), 1 < r < 2 for quaternion Fourier Transform. We here prove the
following

Theorem 1 Let f belongs to L™ (R?,H), 1 < r < 2, and let f also belongs to Lip(ay, s, r). Then
| Fo(f)(w)|q belongs to LP, where

T r
_— <
r4+asr—1 =

=1,2.
r—1 T

Proof. By (7), we can show that the transform of Ay, », f(x) is given by

Fo(Any o f(2) = (e — 1) Fo{fH(w) (/2" —1). (12)
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indeed
Folf@i+hizatha)) = M Folfiw)e="
Folfai+hi,es)) = €=M Fo{f}w)
Fo(f(x1, 20+ ho)) = Folf}(w)elw2"
thus

‘FQ(AhlJmf(x))
= F{ W) - 1) = FolHw)(e = - 1)

which gives the desired result. As well, we can easily obtain that

etht _ 1 = 2i¢!5 ™ sin wihy
2

and

eIwaha 1 — Zjejw sin w22h2
Hence b b

. Wil . W2l
FQ(Any s, f(2))lg = 4] sin(— =) [IFoi fH(w)lolsin(—5=)-
by (4) and (8) we get that
. wihy . waha ! r arr’ 3 aor’
[ sl s 1Pl Hw) fdandusr = O ")

‘We obtain

2 2
Ry ha w1h1 v w2h2 ! » arr’ 1 cor’
L 1 R Pt ) dandn = O 1),

it follows that ) )
N v v (a1=1)rp (az=1)r"
- lwiwa|" [Fo{f}Hw)|gdwidws = O(hy hy )-
Thus
X Y !’ i / /
/ / wiws|" | FQ{fHw)|gdwidws = O(X ey (1a2)rty,
0 0

Now, we need to introduce the function v defined by

X Y
P(X,Y) = / / |wiwa| | Fo{ £ Hw) |G dwrduws.
1 J1
By the Hlder inequality, for § < r’ we get that
B(X,Y) = O(X1eabtiyl-oabtly

so that [
/ / [Fo{FHw)[gdanda = O(X—Pmeaft Ty t=faaie s,
1 1

et Fo{fHw)ehs — e Fo{ fH(w) — FolfHw)e'*2" + Fo{f}

13)

This quantity is bounded as X, Y — coif 1 — 8 — 18 + fﬁ <QOand1 - —asf8+ ? <0,i.e.

r

< fp and r;<ﬁ,

r+ogr—1 + agr —1

and the proof is complete. m
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Theorem 2 Let f belongs to L"(R?,H), 1 < r < 2, and let
h{* hy?
||Ah1’h2f(l')||,« =0 log(%)'ﬂ .log(i)'h , 0<ay,as <1, as hi,hy — 0. (14)
Then | Fo(f)(w)lq € L° for
T < B> —, s=1,2 (15)
r+agr—1 r— v, T
Proof. By analogy with the proof of the Theorem (1), we can establish the following result
. OJ1h1 Jo w2h2 ’ h?lr, hgzr'
[sin(==)[" sin(=52)[" | Fo{ fHw) [ dwi dws = - aE (16)
© < log (=)™ log (55 )17
If0 < ws < h2 ,8=1,2, then |“zh=| < A|sin(“sl=)|, A being constant and therefore
2 2 (a1 —1)7’ (a2 —1)7"
hq ho ’ ’ h h
|wiwa|" [Fo{fHw)lgdwidws = ! ;.2 7]
S e ettt = e
Thus
X Y _ -
’ , X(l ay)r Y(l az)r
" b dwidwy = . .
/0 /0 reel" 1 Zolf}w)lgduduy <log(X)W’ log(Y') 17!
Let

X Y
o6 ) = [ [ ol Rl )l frdn
1 N1
For 8 < r’ and by the Holder inequality, we obtain

leal,@Jr% ylfazﬁJr%
log(X)’Ylﬁ 10g(Y)’YQ/B

(X, Y)=0 (

X Y P X1-B-a1f+8 yl-f-azf+’
[ 1Fatn@ltada =0 (Xt o)

and for the right hand of this estimate to be bounded as X, Y — oo one must have

it follows that

17ﬂ7&15+§<0, -7p < -1

and 5
1_B_a26+;<0a _726<_17

then

1
— < [, > —, s=1,2.
r4+asr—1 B, B Vs iy

This completes the proof. m

In the next we study if the proceeding theorems are still valid if we replace the first difference Ay, p, f

with a difference of higher order. We put

n mf n m
hl,hz Z Z kl k2 <k’1> (kQ)f(IlJrkltherkth).

ko=0k1=0

Observe that Ai’ll hod (@) = Apy n, f(x). We now generalize Theorem 1 as follows.

a7
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Theorem 3 [f f € L"(R?,H), 1 <r < 2, and if
||Ah1 o f (T Nir = O(hT*h3?), 0 < a1 <n,0<az <m as hy,hs — o0,

then |Fo(f)(w)|g € LP, where

r r

_— < < ,
r4+asr—1 B_r—l

s=1,2.

Proof. For two fixed / and hy, the transform of Aj»") f(x) is given
(Z (_l)nflﬁ <]:> Zk1w1h1> -FQ{JC}( ) (Z (_l)m*kg <;n> ejk2w2h2> )
k1 =0 ! k2=0 2

We can easily get that

n

) . n w hi\"
Z (_1)n—k:1 (:)elklwlhl — (elwlhl _ 1) — (22)”61’” 12’7'1 (Sin w12 1)
1

k1=0
and
- m—ks [ TV jkowsho jwaha m m jmeziz [ wahy\™
Z(—l) e = (e —1)" = (2j)me™ > (sin .
= ko 2
-
which yields

)" Fo{ F}(w)]o] sin(22%2

h
Fo(Ar™ f(@)lg = 27| sin(“E2 ™.

By (4) we obtain

. wlhl nr’| s w2h2 r’ ! arr’ aor’
[ s sin(E P 1) ) e = O ).
So that
2 2
1 h2 nr’ mr’ r (041—")7'/ (‘XZ—’VVL)T/
- w1 """ wa | | Fo{f}(w)|gdwidws = O(hy hs )

which gives the desired result. m
We shall also generalize Theorem 2 to the following theorem

Theorem 4 [f f belongs to L™ (R?,H), 1 <r < 2, and if

ho ho>
log(7=)™ "log (=)

1AL, (@)llp = O (

then | Fo(f)(w)|g € LP, where (15) holds.

Proof. The proof for this theorem is very similar to the proof of Theorem (3)and then

h((xl —n)r’ hgozg—m)r'
log (7)1 log (7)1

/ / for |77 o7 | F ()] dn oy — (

The rest of the proof is now analogous to the proof of Theorem 2 and (15) holds. =

), O0<ar <n,0<as<m as hy,hy — 00,

(18)

19)

(20)

2n
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3. EQUIVALENCE OF A K-FUNCTIONAL AND THE MODULUS OF SMOOTHNESS FOR QUATER-
NION FOURIER TRANSFORM

Modulus of smoothness represent important tools in obtaining quantitative estimates of the error of
approximation for positive processes. There are many such special functions associated with wide classes
of function spaces. On another hand , in many problems of the theory of approximation of functions the
K-functionals play an important role. The study of the connection between the modulus of smoothness and
K-functionals is one of the main problems in the theory of approximation of functions. For various generalized
modulus of smoothness these problems are studied, for example, in [9, 19].
In order to prove the main result, we shall need some preliminary results.

Lemma 1 If f belongs to L?(R?,H), then

1AL fll2 < 2™ (| fl2- (22)

Proof. Using the inequality (9), we have ||y, f|l2 < || f|l2. Then ||A} f[l2 < 2||f|l2. Thus the result follows
easily by using the recurrence for m. m

Lemma 2 If quaternion function f € L?(R?,H), then

sin(wy h) sin(wgh)

FolenfHw) =

Fo{f}Hw). (23)

wlh ’wgh

Proof. Let f € L?(R2, H), we have

h h
Folenfyw) = gz | [ e <Fotnyw)e=nicn

h h
= <2lh /4; 6i“’15d§> Fol{fHw) <21h Lh 6j“’2"d77>.

Since .
1 e e — sin(wi h)
2h —h U}lh

and ,

1 eorn gy — sm(wgh).
2h —h UJQh

So that the transform of ¢y, f(x) is given as

sin(wy h) sin(wsgh
) S0l o 7} ).

w1 h w9 h
Which gives the desired result. m

corollaire 1 For any function f belongs to L?>(R?, H), we have

m B sin(wyh) sin(woh) \ ™"
FolAf)w) = (1 - A=) Cr ), 24)
Lemma 3 Let f belongs to L*>(R?* 1) and t > 0. Then
1
em(ft)2 < <ot | D™ |z (25)

s am
Proof. Let h € (0,t]. By (11), (24) and the Parseval equality, we get

1 sin(w1 h) sin(wgh)

| AT F =] ( ) Folf}w) | 6)

wih wah
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and
I D™ f llo= || (w? +w3)™ Fo{f}a- 27)
Hence, by (26) and (27) it follows that

_ sin(wih) sin(wzh) "

| AR S =12 | g | )" Foliw) e
Since . )
0<1- W <V s 1<)yl v,
and
1 sin(wih) sin(wph) (- sin(wih)\ sin(wsh) (1o sin(wzh)
wlh 'lUQh o wlh ’U)Qh ’w2h ’
we obtain (w1 h) sin(wh) )
sin(wi h) sin(wsq 9 9

0 whwoh =g (W) (w2h)?)

Thus

| A o oo™ I (w2 + wd)™ FolfHw) I

This combined with (27), we have

1 1, ,
| AR f < oo h2™ | D™f < ot | D7 |l

which gives the desired result. m

Now, given v > 0, We introduce the following operator for f € L?(R?, H) by

Qu(H)(2) = Fg{Fo(H) (W) (@)} (),

where I, () is the characteristic function of the segment [—v, v/].

It is easy to show that the function @, (f) is infinitely differentiable and belongs to all classes W3",
m € {1,2,3,...}.

Lemma 4 If f belongs to L?>(R?,H) and v > 0. Then there exists a positive constant cy such that

If = Qu(H)ll2 < c2l| AT, fll2- (28)

Furthermore,

1f = Qu(f)ll2 < caem(f,1/v)2. (29)

Proof. By Parseval equality, we get

If=Qu(Hllz = (1 =TL(w)Fa(f) W)l
1-1I,(w) sin(wy /v) sin(wy/v)

(lsinml/v)sm(wz/u))m( T Tunjy gl

wy v wa [V

y ) Folf}w):.

Now remark that |w| > v implies |w;| > 2 or |wa| > %

V2

, and since | sin(y) |<| y |, we obtain

sin (wq /v) sin (we /v)

w1 /v wo /V

< sup{ sup |sinc(y)|, sup |sinc(y)|} =c <L
ly|>1v2 ly|>1v2

Int J Eng & App Phy, Vol. 1, No. 1, January 2021 : 26 — 37
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Thus
1-T,(w) < 1
su = < = co.
g | _ sin(wi/v) sin(ws/v) 1—cym
wy /v wa /v
Hence

_ sin(wy/v) sin(wz/v)

wl/u ’wg/V

If = Quf)ll2 < c2ll (1 ) Fol{fHw)lla < c2l|AT), fll2-

This completes the proof. m

Lemma 5 Let f € L*>(R?,H). Then there exists a positive constant c3 such that

ID™(Qu (M) < esv®™ AT, fl2, (30)
where v > 0, m € {1,2,...}. Furthermore,
ID™(Qu(N))I < csv®em(f,1/v)2. (€3]

Proof. By the Parseval equality, we have

ID™Qu(MNz = [FAD™Qu(fN}H2 = [T (w) Foif}H2,
= || (w? +w3)" L () Fo{f}2

- (w?+w?)" I, (w) _sin(wy /v) sin(w /v) " w
=| (1 ~ sin(w: /v) Sin(wg/y))m (1 wy /v wo vV ) Folfw)lle-
wy /v we [V
Note that
sup (wf +w)" I (w) — 2 sup ((71)2 - (72)2)
wER? (1 _ sin(wi/v) sin(wg/u)>m w|<v <1 _ sin(w1/v) sin(wg/z/)>m ’
wy /v wa /v wy /v wa /v
= 2" sup (512 i gg)m
€1<1 <1 _ sin(&) 8111(52))m
&1 13
Let
G0 — sup @+8)"
’ lel<1 (1 _ Sinf(fl) Sinf(&))m ’

which is exactly (30), and it is clear that the formula (30) yields the inequality (31). m

Theorem 5 Let f belongs to L?(R?,H) and § > 0. One can find positive constant c4 such that

1
2Tn€m(f, §)a < K (£,6%™)2 < caenm(f,6)a (32)

Proof. Let h € (0,6] and g € WJ". Using Lemma 1 and 3, we deduce

1871 < 18R = )l + 1A7 gl
m 1 m m
< 2 f = gl o | DM s
< 2(If ~glla+ 8" || D ).

Titchmarsh Theorems and K -Functionals for the Two-Sided Quaternion Fourier Transform (A. Achak)
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Calculating the supremum with respect to h € (0, 4] and the infimum with respect to all possible functions
g € W3, we obtain
em(f,0)2 < 2K (f, 6%™)s.

Since Q. (f) € W2, by the definition of of a K-functional, it follows that
K (f,0"™)2 < |If = Qu()llz + 8™ | D"Qu(f) |12 -

Therefore, using (29) and (31), we have
Km(f7 62m)2 S C2em(fa 1/1/)2 + 03(5y)2m€m(f7 1/”)2-

1
Putting v = 5 in this inequality, we deduce

K (f,6°™)2 < caem(f,0)a,

where ¢4 = ¢ + c3. This concludes the proof of Theorem 5. m
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