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1. INTRODUCTION
We consider the Weinstein operator on R4 = R4~ x [0, oo defined by

d
9% 2a+1 0 1
A, = — —_— ——. 1

; Ox? + rq Oxg @ 2 M

The Weinstein operator has several applications in pure and applied mathematics especially in fluid mechanics
(cf. [3]). The harmonic analysis associated with the Weinstein operator is studied by Ben Nahia and Ben Salem
(cf. [1, 2]). In particular the authors have introduced and studied the generalized Fourier transform associated
with the Weinstein operator. This transform is called the Weinstein transform. Very recently, many authors
have investigated the behavior of the Weinstein transform with respect to several problems already studied for
the Fourier transform; for instance, Paley-Wiener theorems [6], the Bockner-Hecke theorem [4], uncertainty
principles associated with the Weinstein transform [5]. In this paper we introduce the Weinstein type operator
on R¢ defined by

Ox? 4 0x4 0xy4

d
0% f(2, xq 20+ 1 (Of (2, 24 af(z',0
Buaf(e) = 32 2L 20) («',2a)  0f(a',0)
i=1
where o > S,z = (2/, 4) = (21,22, ..,x4) € RLIf f(2/,0) = 0 we regain the Weinstein operator defined
by (1). Throughout this paper, we provide a new harmonic analysis on R? corresponding to the Weinstein type
operator Ag q.
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Let us now be more precise and describe our results. To do so, we need to introduce some notations. Throughout
this paper, we denote by

2T 1
= ﬁ o> _71 dpie(z) = |za|* M gda’ = |24 drdas...dog.

Val(a+3)

e E(RY) (resp. D(R?)) the space of C*° functions on R%, (resp. with compact support).

e LP(R?) the class of measurable functions f on R? such that

1
P
e = ([ 1 ool dn) < o, it < .
R

Ifllcoc = ess sup |f(z)| < 400, if p = +o0.
r€Rd

° fe(m) — f($/7 xd) +2f(x/’ _md) and fo(x) =

f(@',2a) = f(2', —2a)
5 .

We recapitulate some facts about the eigenfunction @, ,, related to the Weinstein operator A,. For
more details we refer to [1].
For all (z,\) € R% x C? the eigenfunction ®, , related to the Weinstein operator A, as defined by

Pyralz) = aae_i<z,7)\/>ja($d/\d), )

400 _1\n (z\2n

1
AS jo(2aha) = an / (1= 2)9=% cos(marat)dt,
0
it follows that |
Dy o(x) = age A / (1-— tz)a_% cos(xgAqt)dt.
0

We may now define the function ¥ ,, which is inspired by @ .
For all (z,\) € R? x C? we define the function ¥} ,, as follows

1
Uy o(z) = UL,Xta_"’<“”/”\,> / (1- tz)a_%e_md)‘dtdt. 3)
0

The function ¥ ,, has the following properties
D) Yxa(@) = Ysa(N).
i) forall (z,\) € RY x R? |W, ()] < 1.
iii) it follows from Riemann-Lebesgue lemma that limy, oo Uy o(z) = 0.
2. HARMONIC ANALYSIS ASSOCIATED WITH Ap ,,
Proposition 1 VU, , satisfies the differential equation

Ad,a‘ljk,a = _H)‘HQ\P/\»O"

1
Proof. Notice that U, , () = ¢ ~*(@A) / (1- tQ)D‘*%e*”d’)‘dtdt, it’s clear that
0

d-1
Ago(e @A) = — Z A
i—1
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On the other hand we have
1 1
Ao (/ (1— t2)a;eimd>\dtdt) _ _)\3/ t2(1 _ t2)o¢7%€fimd)\dtdt
0 0
2o+l ! :
. o+ )\d/ (1 _ t2)a7%(6711¢d}\dt _ l)dt,
.Td 0
but
L L, —iXgzq (! Lo,
/ t(1— %) 2 (e WMt — 1)dt = / (1 — )tz eizaratyy
0 2a+1 Jp
it follows that
1 1 . .
Ad.o (/ (1 t2)°‘2e”d}‘dtdt> = 7/\3/ (t2(1 —tHomz 4 (1 - t2)“+5)
0 0
x e @atat gy
1
— _/\3/ (1 _ t2)a—%e—izd)\dtdt.
0
Hence Ay o Uy o = —H)\HQ\I!)\}&. [
Definition 1 The Weinstein type intertwining operator is the operator R, defined on E(R?) by
1 1
Raof(x) = aq / (1 —t2)*"2 f(2, wqt)dt. 4)
0
Remark 1 R, can be written in the following form
Rof(z) = angn(xd)|xd|*2a/ (1 -3 f(2', t)dt, x4 € R*.
0
Proposition 2 For all f € E(R?) we have the following transmutation relation
Aga(Raf) = Ra(Aaf), forall f € ER?), 5)

where g is the Laplacian on R?.
Proof. Notice that

d—1 5o , ) )
Aga(Raf)(@) = Y PRaf(a',a) | P*Raf(@',24)

i=0 Ox 0z}

204+1 (ORaf(2',24) ORsf(2/,0)
+ —

T4 Oxq Oxg
d—1 32R f(xl Id) 82Raf(x’ Id)
axd amd
2
+ (2 +1/ I Raf (@', ta) )
ox?

Since , . ,
!

PR _,, [y sl RS o150
8xd 0 axd

it follows that

Bua(Ra(e) =as [ 1 —t?)a—%#Wdtu( )
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where

1 1
J(x):(2a+1)aa/0 /O (1—s?)"z Mdtds.

8xd

By Fubini’s theorem

J(x) (2a+ 1)ag /01(1 —$)e~ig (/OS Wdt) ds

1 1 2 ,
(2a+1)aa/ (/ (1-s )a—28> dswdt
0 \Jt Oz

1 2 /
_ aa/ (1 _ t2)a+% 0 Raf(zg atxd) dt
0 Dy

hence

1 L9l g2 /
AacRal@) = o [ gtyb YD CRe )

=0
! _ a_,an f(@' txq)
aa/o (1 2)o-3 T Ral @, T2a) g,

(%Sd
Ra(Aaf)(x).

Jr

Definition 2 The dual of the Weinstein type intertwining operator R, is the operator 'R, defined on D(R?)
by

Ral)0) =00 | (S sntua)s)sds ©
Ya
Proposition 3 'R, satisfies for f € D(R?) and g € E(R?) the following relation

/IR L Ra(HW)g(y)dy = » FW)Ra(9)(y)dpa(y)- @)

Proof. Let g € E(R?) and f € D(R?), from Remarque 1 we have

[ R = [ [ e ([T et e

f(z)|zq** T dagda’

_ /R/ taz]? (/j(xg—t2)aég(x’,t)dt>

X fx)|zq T dagda’

X

the result follows directly from Fubini’s theorem, a change of variable and the Chasles Formula. =

Definition 3 The Weinstein type transform F, q is defined on L} (R?) by

Fa,d(f)(N) = » F(@) Uy o (2)dpa(z), for all X € RY. (8)

Remark 2 If f is an even function with the last variable then the Weinstein type transform F,, 4 coincides with
the Weinstein transform JF, defined by

Folf)N) = F(@)®y o(z)22 M dagda’ | for all X € RY.
R¢
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Proposition 4 Let f and g in L% (RY), we have

/ Foa()(@)g(2)dpra () = / £ () For a(9) ()i ().
R4 R4

Proof. As f and g in L, (R?), it follows from (ii) and Fubini’s theorem that

/|fa,d<f><x>g<x>|dua<x> / FONG@) T 0 ()| dpte (N dta ()

< [ flles, e llgl

N

LL(R4)
From (iii) and Fubini’s theorem we deduce the desired result. m

Theorem 1 (Plancherel theorem) For all f € S(R?) we have

L@t = @) ([ 1Faatd00Paia) + [ 170a D0 )

1
(2m)220T (o + 1)

where S(R?) is the Schwartz space of rapidly decreasing functions on R and C (o) =
Proof. We have

/ (@) Pdpaa(a)
Rd

[ 180+ ol o)
.’E2 X el\T)JolT al\l ox2 al\T),
L @P @) +2 [ ) o) + [ 1) o

as fef, is an odd function respect to the last variable, it follows by Fubini’s theorem that

/ / fe(@! 2q) fol@', 20)|2a)** T dagda’ = 0.
Rd-1 JR

Since f. and | f,| are even functions, then by Remarque 2 and Plancherel theorem for the Weinstein transform
(see [5]) it follows that

L 1@ (o) = @) ([ 1Fas )00+ [ 1F0aFaD 0P () )
]

Proposition 5 e Forall f € LL(R?), the function F,(f) is continuous on R and we have
H]:a,d(f)llmoo < Hf”a,l-
e Forall f € S(RY) we have
‘Fa(f)(y) = Fo of Ra(f)(y)a Vy € R¢
where F is the transformation defined by, for all y € R?
FolHy) = | fle)e " @Pde, vf € DRY).
R4

Proof.

e Since |¥ ()| < 1, it follows that

|f (@)W al)] < |f(2)].

Aslimy, o0 Ux o(z) = 0, it follows from the dominated convergence theorem that

”}—W,a(f)HOA,oo < ”fHal
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+ aq

Foo' Ra(f)ly) = aa/ e~y / / §% — x2)*~ 2xdf(x s)dxge” "1V dsdy’
Rd-1 0 Tq
/ 67i<z’>y') / / (52 f:cg)‘k?xdf(x',fs)d:vde”dyddsdx’
R 0 x
From Fubini’s theorem, we obtain

oo Td
aa/ efz<a:’,y’)/ / (52 N l‘?l)ai%l’df(l’/,S)dﬂjd€71$dydd5dx/
R 0 0

Fo o' Ra(f)(y)

d—1
+ a(x/ —ie y>/ / §% — a3 Zxdf(cc —5)dxge™ Vi dsdr’.
Rd—1

By a change of variable and using relation (3), we find that

/ ( / h f (x)%,a(a:)|xd|2“+1dxddx')

]Rd—l 0

Lo ([ sl ina
Rd—1 0

Foo RaD)0) = [ [ @)U alled it = FuaD0)

Fo of Ra(f)(y)

+

3. APPLICATION
In this section we will give an application about Annihilating sets.

Definition 4 Let S, Y be two measurable subsets of R%. Then (S, X)) is called a weak annihilating pair for the
Weinstein type transform if suppf C S and suppF.(f) C X implies that f = 0, where supp [ = {x : f(z) #

0}.

Definition 5 Let S, X be two measurable subsets of R%. Then (S,Y) is called a strong annihilating pair for
the Weinstein type transform if there exists a constant C(S, X) such that for all function f € L*(R%, j1,,), with
supp Fo(f) C 2,

1l 2@ puay < CS DS llL2(se 0 ©)
where o (z) = |zq|** T da'dz o and S¢ = RE\S.

Theorem 2 Let S and . be a pair of measurable subsets of RY with 0 < 11(S), 11o(X) < oo, then the pair
(S,X) is strong annihilating pair.

Proof. The proof is similar to that of Theorem B in [7]. m
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